THE TREE PROPERTY AT THE FIRST AND DOUBLE
SUCCESSORS OF A SINGULAR

DIMA SINAPOVA

ABSTRACT. We show that given w many supercompact cardinals and a
weakly compact above them, there is a generic extension in which the
tree property holds at the first and second successor of a strong limit
singular cardinal.

1. INTRODUCTION

The tree property at k states that every tree of height x with levels of
size less than x has an unbounded branch; or, equivalently, there are no k-
Aronszajn trees. A long term project in set theory is to get the consistency
of the tree property on larger and larger intervals of regular cardinals. One of
the earliest positive results was in 1972 by Mitchell [6] that the tree property
can hold at Ng. Building on that, in 1983 Abraham [1] showed that the tree
property can simultaneously hold at Ny and N3. Later, in 1998, Cummings
and Foreman [2] constructed a sophisticated iteration of Abraham’s forcing,
obtaining the tree property at N, for each n > 1. For a long time after
that it remained open whether N, can also be included. Then recently,
Neeman [8] showed that it is indeed consistent to have the tree property at
each N, for n > 1 and at N, ;.

The next major open question is to get the tree property for both X, and
R4 2 for X, strong limit!. This would require violating the Singular Cardinal
Hypothesis (SCH) at X,,. In the 1980’s Woodin asked if it is consistent to
have the failure of the SCH at N, with the tree property at X ;. While
this is still open, in the last several years there have been some important
progress. Gitik-Sharon [3] showed the consistency of the failure of SCH at a
singular cardinal x together with the non-existence of special x™-Aronszajn
trees. They also pushed down their result to x = N_2. Then in 2009,
Neeman [7] obtained the failure of the singular cardinal hypothesis at a
singular cardinal s, together with the full tree property at x*. This was
pushed down to x being N2 by the author in [9].

This material is based upon work supported by the National Science Foundation under
Grant No. DMS- 1362485 and Career 1454945.
1f one drops the requirement for X, to be strong limit, the tree property at N,41 and
R, +2 was obtained by Fontanella and Friedman in [4]. Independently, in [11] Unger shows
the tree property for regulars below X,.2, again in the case of not strong limit singulars.
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Regarding the tree property at the double successor of a singular, the
first important result was by Cummings and Foreman [2] in the late 90’s.
Starting from a supercompact x and a weakly compact above it, they pro-
duced a generic extension in which cf(k) = w and the tree property holds
at k7. Their construction incorporates Prikry forcing within the Mitchell
poset. Then Unger showed that it is consistent to have the tree property at
kTT together with no special Aronszajn trees at k* for a singular &, [10].
His construction uses the diagonal supercompact Prikry from [3] within the
Mitchell poset. He also showed that one can also use Neeman’s version of
the diagonal supercompact Prikry forcing from [7]. In this paper we show
that by combining Neeman’s diagonal Prikry with the Mitchell poset we can
actually obtain the full tree property at x* and k™.

Theorem 1.1. Suppose that (k,, | n < w) is an increasing sequence of super-
compact cardinals and that X is a weakly compact cardinal with A\ > sup,, k.
Then there is a generic extension in which kg ts strong limit singular with
cf(kp) =w, A = /f(')H, and the tree property holds at both mg and /f(')H.

In section 2, we describe all the relevant forcing notions. In section 3 we
show the key branch lemma, and then use it to show the tree property at the
first successor of the singular in the main model, completing the argument.

2. THE FORCING NOTIONS

Suppose in V, (k, | n < w) is an increasing sequence of indestructible su-
percompact cardinals. Let ky, = sup,, kn, k = ko, and u = k. Suppose that
A is a weakly compact cardinal above . Let A = Add(k,\). In V2, & re-
mains supercompact, so in that model for n < w let U, be a normal measure
on Py (ky), such that the U,’s project to each other. Then let I denote Nee-
man’s supercompact Prikry from [7], with respect to these measures. More
precisely, conditions are of the form p = (zg,...,xn_1, An, Apnt1,...), where
each z; € P, (k;), each A; € Uj, and for i <1 <n, z; C 27 and |z;] < KN ay.
We say that the length of p is n, and the stem of p is (xq,...,x,—1). For
more on the properties of I, see [3] or [7]. Let us just note that conditions
with the same stem are compatible.

Let P = AxI. For a < \, let P, denote the restriction of P to .. As shown
in Cummings-Foreman [2], Section 5 (and in Section 3 of [10]), there is a set
B C X of Mahlo cardinals in the weakly compact filter, for which this makes
sense. More precisely, for every a € B, the restriction of the measures U,
for n < w to VAI® gives normal measures. Let I, be the diagonal Prikry
forcing obtained from these measures, then P, is A [ a % I,. Then a generic
object for P induces a generic object for P,. Below we will restrict ourself
to these o’s.

Definition 2.1. Conditions in R are of the form (f,p,r), where:

(1) (f,p) € AL,
(2) 7 is a partial function with dom(r) C B, |dom(r)| < wu,
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(3) for each a € dom(r), r(a) is a Py name for a condition in Add(p, 1)V .
Note that for a € dom(r), (f,p) | @ € P,. Next we define the ordering.
(fr,p1,71) < (fa2, P2, 72) iff:

(1) {fi,p1) <p (f2,p2), and
(2) dom(ry) D dom(re) and for every o € dom(ra),

(fi,p1) | alkp, ri(a) < ro(a).

In the second item of the definition of the order (f,p) | o denotes 7w ((f,p)),
where 7, is a projection from P to R.O.(P,). Also, given (f,p,r) € R, we
will refer to p as the Prikry part of the condition.

Now define Q to consist of conditions of the form (0,0,7) € R with the
induced ordering. Then Q is u-directed closed in V. Set R* = P x Q. By
the directed closure of Q and the indestructibility of the k,’s, in VQ we
have that A I is the forcing construction in Neeman [7] for the appropriate
measures; for more details see [10], Section 6. Then, by [7], it follows that
the tree property at p holds in the extension by R*. Also, as in [2],

((f,0),(0,0,7)) = (f,p,7)
is a projection from R* to R. For simplicity of notation we will write Q =
{r | (0,0,r) € R} and denote conditions in R* in the form (f,p,r) and use
IFr+, <g+ to avoid ambiguity.

From [2] and [10] we have that after forcing with R, x is a strong limit
singular cardinal with cf(k) = w, u = kT, 28 = X = k¥, and the tree
property holds at x*F. It remains to show that in VR the tree property
holds at p.

Definition 2.2. Let p be a name for a condition in 1. Conditions in Ry are
of the form (a,q,r) € R, where (a1, p1,71) <r, (az,p2,72) iff:
(1) {a1,p1) <p (a2, p2), and
(2) dom(r) D dom(ra) and for every o € dom(rs),
(a1,p) | alFp, () < ro(a).

We will show that R* projects to R; and that Ry projects to R below any
condition with Prikry part forced to extend p.

Lemma 2.3. R* projects to R, as witnessed by the identity.
Proof. Clearly the identity is order preserving.
Now suppose that (a’,¢’,r") <g; (a,q,r). Define 7, so that dom(r") =
dom(r'), and for every a € dom(r"), "' (c) = {(0,b) s.t.
e b<(d,p) |aand blFp, o€ r'(a) or
e bl (dp)laand blFp, o€ r(a)}.
Then (d',q',7") <g+ (a,q,r) and (d’, ¢, 7") <g, (d’, ¢, 7).
[l
Lemma 2.4. Let s* = (1,p,1) € R. Then Ry/s* := {s € R | s < s*}
projects to R/s* := {s € R | s < s*} as witnessed by the identity.
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Proof. For the proof, assume that all conditions are below s*. Note that
since the last coordinate is the empty condition, then s <g, s* iff s <g s™.
As before, it is straightforward to see that the identity is order preserving.
Suppose that (a’, ¢, ') <g (a,q,r). Define r”, so that dom(r”) = dom(r’),
and for every a € dom(r"), () = {(0,b) s.t.
e b<(d,¢) | aand blFp, o € r'(a) or
e bl (d,¢Yaand blrp, o€ r(a)}.
Then (a',q’,7") <gr, (a,q¢,r) and (a’, ', ") <r (a’,q,7").
O

Now let A be A-generic; we will define a poset Q, in V[A], such that Ry
is isomorphic to A x (I x Q).

Definition 2.5. Work in V[A]. Let p = pa. Define Q, to consist of
conditions of the form r € Q, with the following ordering: r1 <q, r2 iff
dom(r1) D dom(rg) and there is a € A, such that for every o € dom(rz),
(a,p) | alFp, r1(a) < ra(a).

Proposition 2.6. Q, is k-closed.

Lemma 2.7. R; is isomorphic to A*(H X Qp) (i.e. a generic for one induces
a generic for the other and vice versa).

Proof. Work in V[A], where A is a generic for A. For an A-name ¢ for a
condition in I, we write ¢ to denote 4. Let 7 : Ry/A — 1 x Q, be given by
w({a,d, 7)) = {g,7).

To show that it is order preserving, suppose that (a’,¢', ") <g,4 (a,q,7).
Then ¢’ <1 ¢, and for every a € dom(r) C dom(r’), we have that (a’,p) |
albp, 7'(a) < 7(). Since a’ € A, that means ' <g, 7.

On the other hand, if (¢, ") <ixq, (¢,7) = 7({a, ¢, 7)), let a’ € A witness
that ' <qg, r. By extending &' if necessary, also assume that o’ < a and
a'lI-¢ < q. Then (d',¢',7") <g,/a (a,q,7).

Since we are working over A, that means that s L ¢ iff 7(s) L 7(s’). And
so since it is onto, 7 is a dense embedding. ([

Let G be R-generic and let A be A-generic induced by G. As before, when
working in V[A] and referring to conditions (f, p,r), we will write p for p4.
Also, let Z be the I-generic over V[A] induced by G.

Let G* be R*/G-generic. For every ¢ € Z, let G4 be R;/G generic induced
by G*. Also, let Q be Q-generic induced by G* and for p € I, let Q,, be the
Qp-generic over V[A] induced by G*.

Remark 2.8. If ¢ < p, then V[G,] C V[G,] and G, C G,. This follows by a
similar argument as in Lemma 2.3.

Remark 2.9. If ¢ < p, then Q, projects to Q, and Q, C Q.

Let T be a u - tree in V[G]. For a@ < p, we may assume that the a-th
level of T is T, = {a} x k. Applying Neeman’s arguments from [7], there
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is an unbounded branch b through T in V[G*]. More precisely, in [7] the
following is shown:

(f) In V[A x Q]J, there are an unbounded set J C p, a stem h*, and
(U, Do | @ € J), where each p, € I is a condition with stem h*, and each
U 18 a node on the tree of level «, and:

(1) for all « < 3 from J, po A pg IF1 ua <j ug;

(2) {a | pa € Z} is unbounded in p (due to the chain condition of I);
Then, the branch b in V[G*] is the downward closure of {uq | po € Z}. In
particular, each pa by uq € b. Here and below, for two conditions ¢i, g2 in
I with the same stem, ¢; A g2 denotes the weakest common extension in I
(which also has that stem). By thinning out .J, one can arrange that for
some fixed £ < K, uq = (,&). In the next section, we will use a branch
lemma to show that this branch must already be in V[G].

Remark 2.10. One can show that the branch b is actually in V[G,] for every
p € Z. The argument requires a similar, somewhat simpler branch lemma,
as the one presented in the next section.

3. A BRANCH IN VI[G]

In this section, we show that for densely many stems h, there is some «,
such that above «, for every p with stem h, there is no more splitting in
R*/G), in deciding nodes of the branch. Our branch lemma is motivated
by the splitting arguments in Magidor-Shelah [5], except that here we con-
sider multiple models at the same time. Throughout, we maintain that the
Prikry stem is constant and use the full power of [7]. Then we will take the
supremum over all stems and use that the generic objects (G, | p € Z) in a
sense approximate G. More precisely, we will show that G = UpeI Gp.

3.1. On names. Let 7 € V[A] be an R/A-name for the tree, forced to be
such by the empty condition. Now let 7' € V[A][Q] be an I-name for the
tree, obtained from 7. Le. for any two nodes u,v, and q € I, q IFp u <;, v iff
there is a € A and r € Q, such that (a,q,7) IFr/4 u <; v.

Similarly, for every p € I, let T » € V[A][Qp)], be an [-name for the tree,

obtained from 7. IL.e. for any two nodes u, v, and g < p, ¢ H—E/[A”Q”} u <j v

iff there is a € A and r € Q, such that (a,q,7) IFrjq u <7 v.

Note that the only formal difference is that 7, 7" and each Tp are defined in
different ground models. But their evaluations by generic filters, projecting
to one another in the right way, will be the same. In particular, we have the
following.

NEE A

Remark 3.1. If ¢ < p are in I, then ¢ | u<jpviffq II—]Y (92l <gy, V-
Let b € V[A] be a R*/A-name for the branch as in [7]. For simplicity,
assume

1 II—]YX[S} “p is a cofinal branch through 7.”
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Then we also have that for every p € I:
o VIAIQ)] F (0, 1) IFix(g/0,) b is a cofinal branch through T},”,
e over V[A][Q], p IFt “b is a cofinal branch through 77.

In the last item, we interpret b as a I-name in V[A][Q] by taking {(o,q) |
(Fr € Q((o, (g, 7)) € b)}.

3.2. Splitting.

Definition 3.2. Let h be a stem. We say that there is an h-splitting at
a node w, if there is a p € 1 with stem(p) = h and r € Q, such that
(p,T) ||—]}/X[8} u € i), and nodes ui,us of higher levels and conditions ri,79,
such that for k € {1,2},

o1, <Qr, T € Dp,

o (p,7k) H—]‘I/X[g] uy, € b, and

LViAael

e pl uy L ug.

Note that by Remark 3.1, I-forcing is the same over V[A][Q] or V[A][Q,]
for appropriate p. With this in mind, below we will often just write IFy.

Definition 3.3. For a stem h, we say that 15, holds, if in V[A][Q] there are
unbounded J C p, £ < k, and (pa | « € J), where each py € I is a condition
with stem h, and setting u, = (a,§), we have:

(1) for all « < B from J, pa A pg IF1 e <4 ug;

(2) for alla € J, py IFp ug € b.

By density and the argument in [7], any stem can be extended to a stem
for which the above holds.

In V[A][Q], for each h, such that tj holds, let E}, be the set of nodes u
forced to be in the branch by a condition of the form (p,7) € I x Q with
stem(p) = h. Note that E, NT, # 0 for unboundedly many v < u. Set
ap :=sup{y < p | (Ju € T, N E})( there is an h — splitting at u)}.

Proposition 3.4. Let h be a stem, such that t5, holds; then ap < p.

Proof. Suppose otherwise. Let 7 € Q force that &; = p and that J, & and
(Po | @ € J) witness (1), where these are Q-names in V[A].

Lemma 3.5. (Splitting) Let r <g 7 be such that r € Q, for some q with
stem h. Then there are nodes (v; | i < ky) and conditions ((p;, i) | i < Kw)
in 1 x Q, such that:

o for every i, stem(p;) = h, p; < q, 1 <q 1, i € Qp,.

o for every i, (pi,7i) lFixq vi € b and

o for every i <j, pi ANpjlbrv; Ly vj.
Proof. Let Q" be Q/Qg-generic over V[A][Q,], such that r € Q'. Work for

now in V[A][Q'] with Ej, J, (pa | @ € J) denoting the interpretations of the
respective names in V[A][Q'].
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Claim 3.6. For everyu € Ey, there isp € I with stem h, p < q, and 1,719 €
Q, and nodes vi,vy of higher levels, such that for k € {1,2}, (p,7%) FixQ
vp € b and p Iy “v1 Lj ve,u <pvi,u < ovo”.

Proof. Let u € Ej. Then there is (p,t) € I x Q' with stem(p) = h, forcing
that v is in the branch. By our assumptions that ap = u, there must be a
node v € Ej with level higher than u, such that there is h-splitting at v.
Namely there is (p/,t') € I x Q' with stem(p’) = h, forcing that v is in the
branch, and 71,72 € Q,, and nodes v1, v2 of higher levels, such that:

o for k € {1,2}, 1, <q t/,

e for k € {1,2}, (¢, 71) IF1xq vk € b, and

° p/ IFp “vq J‘T V2,V <j V1,V <j vy
We may assume that p’ < g by Remark 2.9, and that p’ < p since the stem
is the same. Since both ¢,#' € @', we have that in V[A][Q'], p’ IF1 u <7 v.
Note that by our earlier remark, this is also forced over V[A][Q,/], and so it
is also forced over V[A][Q].

Then p’, v1, v9 are as desired. [l

Strengthen r if necessary to force the conclusion of the above claim. Then
in V[A][Q,] there is a club C' C p, such that for every g € C, for all v < 3,
for every node u € T, if u is forced by a condition below 7 to be in Ej,
then there are v < 71 < 72 < 8, and nodes at levels 71 and 9 as in the
conclusion of the claim applied to u. '

Going over to V[A][Q’] again, we build a sequence (p',vi, 5 | i < Ky),
such that each v; € J, p* = p,, (and so it is a condition in I with stem h),
Bi € C, and v; < B; < 7i41. For every i < Ky, denote u; = (v;,£). Also let
si € @, s; <gr, be such that s; II—E[A] “y, € J and p' = Dy -

Since Q is p-closed in V' and A has the kT-chain condition, by Easton’s
lemma, (i, B, p", si | i < Kw) is actually in V[A]. Then:

o if i < j, then p' ApJ IFp uy < Uj.
e for every i, (p', s;) IFixQ ui € b, and so s; kg u; € Ej,.
For the rest of the proof, work in V[A][Q,]. For every i < &, using that
Yi < Bi < i1 and B; € C, let ¢; € I with stem h, ¢; < ¢, and v, vj be
nodes such that there are ri, 74 € Q,, such that:
(1) g; forces that u; <j v}, u; <j vh, and v L v;
(2) <qi,7‘zl> “_]IXQ Ui € l.);
(3) (gi,73) IFixq v5 € b;
(4) level(v)),level(vh) < 7iy1-
We also arrange that each ¢; < p;, using the fact that they have the same
stem. '

By the Prikry property, let p; <* ¢; A pt! be such that p; decides “v] <p
ui+1” and “v} <j ui+1”. At least one of them is decided negatively, say this
is true for v’i. Let r; = r’i and v; = v’i. Then if i < j < Ky, the level of v; is
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less that the level of u;41, and
pi N pj k1 v; %T Uit1 S Uj <4 Vj.

Also, each r; € Qg C Q. It follows that (p;,vi, 7 | i < Ky,) are as
desired. O

Now, working in V[A][Q] construct ((p,,75) | o € kKS¥), of conditions in
I x Q and nodes (u, | o € kK5“) such that:

(1) for each o, stem(ps) = h, 1o € Qp,, 7o <q T
(2) if o9 D o1, then <pa2,7“02> SHXQ <p017ra1>7
(3) for every o € K5¥,

(PosTo) II—]‘I/X[S] Uy € b,

(4) for every o and i < j < Ky, over V[A][Q],
Po~i A Po—j IF1 Uug~i Lj us—;.

We do this by induction on the length of o, using the splitting lemma.

Let o = sup, ¢, <w level(ug); then o < p. For every f € g, let py € 1
with stem h be the weakest common extension of ps, for all n. Then let
Ty € Qp, be such that (py,7r) <ixq (Pfin,7fm) for all n. Here we use
the fact that since every ryp, € prm, then it is also in Q, ;- Then let
(s, 1) <1xq (ps,7¢) be such that for some {f < K, (P}, 7%) IFixq (@, &f) € b
and r} € OQp,. We can obtain the latter by a density argument, since Q
projects to Qp,.

Let f,g € w¥ be distinct, such that £ = & = &, and stem(p/f) =
stem(p)) = h’. Let n be such that f [ n =g [ n = 0, but i = f(n) #
g(n) =j.

Let p :p} /\p;. Then ’I“/f,T/g € Q, (since Qp; C Qpand Q) C Q).

Let Z’ be I-generic over V' = V[A][Q,] with p € Z’. Note that A*Z' x Q,,
induces a generic for R/A % Z'. Then, in V'[Z'], interpreting b as a Q/Q,-

name in the natural way and setting 7' = (1},)7/, we have:

[ ] ’r‘} H_Q/Qp <Oé,£> S {), T} ”_Q/Qp Ug—~; € b,
° 7’; “_Q/Qp <a,§> S b, 7’; ”_Q/Qp Ug—j (S b;
® Us—; LT Ug—j-

But both level(uy~;) < a and level(uy~;) < a, contradiction.
U

Remark 3.7. We could have done the proof by working in V|[A][Q;~1] in-
stead, where h™1 is the weakest element in I with stem h. Note that for
every ¢ with stem h, V[A][Q,] C V[A][Qpr~1]. When doing the splitting, we
just have to rely on Easton’s lemma to get (v;, B3i,p" | i < k) in V[A], and
so in V[A][Qr~1]-
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3.3. Defining the branch. Let a := sup{aj | T holds} < y, and let
u € Ty, and s* € G* be such that s* IFg«/4 u € b. Then in V]G], set

d={v|u<rv,(3s € G)s <p- s*,sll—R*/Aveb}.

To prove that this is a branch we use that there is no more splitting after «
and the following lemma:

Lemma 3.8. If s € R*/G, then there is p € I, such that s € G,.

Proof. In V]G], define D = {s' € R*/G'| (Ip € T)s' <gr, s}. We claim that
D is dense in R*/G.

Suppose s’ € R*/G. Denote s = (a, ¢,7),s" = (a’,¢',r’). Since both are in
G, they have a common extension s” = (b,p,r”) in G. Then s” <g_/; s and
s" <g,jc §'. Finally, by the same argument as in Lemma 2.3, let s* € R*/G
be such that s* <g- /g s’ and s* <R, s"” . Then s* € D and is below s'.

Then let s* € DN G*, and let p € T witness that s* € D. Then s* € G),

(since G* induces G,), and so s € G}, by upwards closure.
O

Corollary 3.9. d induces a branch through T in V[G].

Proof. Clearly {y < p | (3v € T)v € d} is unbounded in p, and actually it
is a tail end of p. Next we have to show that for every v > o, [dNT,| = 1.

Suppose for contradiction there are distinct vy, v2 € dNT’ for some v > .
Let s1,s9 <p» s*, 51,82 € G witness that v, ve € d. Denote s1 = (a1, p1,71)
and s = (ag,p2,7r2). Note that since the nodes are on the same level,
p1 Ap2 lFpvr Lj v,

By Lemma 3.8, there is some ¢ € Z, such that both s1,s9 € Gy. By
extending ¢ if necessary, we may assume that ¢ < p1, ¢ < p9, and h :=
stem(q) is such that {5, holds. Note that since g € Z, extending the Prikry
part of s*, we have that u € Ej,. Now let s} = (a1,¢,71) and s} = (a2, q,72).
Then s} <g+/q s1 and s} <g+/ s1 and s, 85 are still in G. Tt follows that
q, sy and s}, witness an h-splitting at u, but o > a4, contradiction. O

The following remains open:

Question 1. Can the result of Theorem 1.1 be obtained at kg = N, or even
Ko = N 27

REFERENCES

[1] UrI ABRAHAM, Aronszajn trees on Rz and R3., Ann. Pure Appl. Logic, 24:213-230,
1983.

[2] JAMES CUMMINGS AND MATTHEW FOREMAN, The tree property, Adv. Math., 133(1):
1-32, 1998.

[3] MoT1 GITIK AND ASSAF SHARON, On SCH and the approachability property, Proc.
of the AMS, 136(1):311-320, 2008.

[4] LAURA FONTANELLA AND SY DAVID FRIEDMAN, The tree property at both R, 41 and
No+2, Fund. Mathematicae, 229:83-100, 2015.



DIMA SINAPOVA

MENACHEM MAGIDOR AND SAHARON SHELAH, The tree property at successors of
singular cardinals., Arch. Math. Logic , 35(5-6):385-404, 1996.

WILLIAM MITCHELL, Aronszajn trees and the independence of the transfer property.,
Ann. Math. Logic, 5:21-46, 1972.

ITAy NEEMAN, Aronszajn trees and the failure of the singular cardinal hypothesis, J.
of Mathematical Logic, 9(1):139-157, 20009.

ITaAy NEEMAN, The tree property up to No+1, J. Symbolic Logic, 79:429-459, 2014.
DiMA SINAPOVA, The Tree Property the fialure of the Singular Cardinal Hypothesis
at N 2., J. Symbolic Logic, 77(3): 934-946, 2012.

SPENCER UNGER, Aronszajn trees and the successors of a singular cardinal, Arch.
Math. Log., 52:483-496, 2013.

SPENCER UNGER, The tree property below R,.2, submitted.



